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Abstract
The risk-free interest rate is not only an essential parameter in financial market but also a key indicator
in economy. To estimate the risk-free interest rate, we use the return rates of treasury bonds, which is
an important derivative of risk-free interest rate. In this project, we will use several short rate models
and affine term structure to calibrate the parameters in these models as well as in in bond pricing
model.
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Chapter 1
Introduction
The risk-free interest rate is not only an essential parameter in financial market but also a key indicator
in economy. However, the risk-free interest rate is hidden under the market and thus is required to be
quantified. In this project, we will quantify the risk-free interest through data from the bond market.
The bond market is where debt securities are issued and traded. The bond market primarily includes
government-issued securities and corporate debt securities, and it facilitates the transfer of capital from
savers to the issuers or organizations that requires capital for government projects, business expansions
and ongoing operations. A bond is a debt investment in which an investor loans money to an entity
(typically corporate or governmental) which borrows the funds for a defined period of time at a variable
or fixed interest rate. Bonds are used by companies, municipalities, states and sovereign governments
to raise money and finance a variety of projects and activities. Owners of bonds are debt holders, or
creditors, of the issuer
Bond is one of the largest constituents in financial market and it can be mainly divided into two
parts by different issuers. One is government bond and the other is cooperate bond. The more powerful
the organization is, the less risk of the bond which is issued by that organization. For example, the
U.S. government bond has less risk than the country which is warring in the mid-east Asia. It is also
one of the most important financial commodity to investors. For the people who worry about economic
recession or slower economic growth, bond is the only thing that will promise a fixed return in the
future. Thus bond is always used to form fix-income portfolios. Most of bonds can not be redeemed
before the maturity date but the investors can trade their bonds before maternity data.
Bond is important to investors as well as issuers. Each company have different credit lines in
different banks. Sometimes, such kind of companies will need a large amount of money which extends
the credit lines and they could not get money from bank anymore. However, they can issue bonds to
raise money. Moreover, when the company is not satisfied with the interest rate that the bank gives to
it, this company can also issue bond with a lower interest rate.
Pricing is one of the fundamental topics in financial industry. It is a process to determine the value
of a financial asset. When a company wants to issue a bond or other financial derivatives, it first needs
to decide the price of the derivative. If the company prices the asset at a higher level, there will be less
people in the market willing to buy the asset. However, if the asset’s price is too low, the issuer will
lose money. So, how to price the asset with a fair price is a really important thing. Furthermore, bonds
or treasury bonds are the largest constitutes in financial markets. For example, the US government
has issued more than nineteen-trillion dollars. Properly pricing the bond is thus extremely important
to manage such a large mount of money.
In this project, we are going to use short rate models and bond pricing models. In Chapter 2, we
introduce some basic concepts in finance and some related mathematics ideas. We also elaborate how
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to interpret the given data. In Chapter 3, we present the mathematical models we will use to estimate
the risk-free interest rate, including two short rate models and some bond pricing models. In Chapter
4, we present some numerical results from two different mathematical models and our calibrations. We
then conclude in Chapter 5.
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Chapter 2
Term Structures of bonds
2.1 Preliminaries
In this chapter, we introduce some preliminary terminologies used in this project.
Arbitrage pricing theory was first proposed by Stephen Ross in 1976 [1]. In arbitrage pricing, the
returns of a portfolio can be predicted by doing a linear combination of independent single assets.
Suppose h is a portfolio and denote V h(t) is the value of the portfolio h at time t. An arbitrage
possibility of h on a financial market refers to
V h(0) = 0, P(V h(T ) > 0) = 1, and P(V h(T ) > 0) > 0.
In other words, the arbitrage opportunity is when the probability of a portfolio value will increase in
the future compared to its initial value. In plain language, an arbitrage possibility is the possibility of
making a positive amount of money out of nothing without taking any risk. Arbitrage means a free
lunch on the financial market.
The market is arbitrage free if there are no arbitrage possibilities. We always assume that our
model and data are from an arbitrage free market.
The interest rate is the amount charged, expressed as a percentage of principal, by a lender to a
borrower for the use of assets. Interest rates are typically noted on an annual basis, known as the
annual percentage rate. The assets borrowed can be cash, consumer goods, large assets, etc. The
interest rate is essentially a rental, or leasing charge to the borrower, for the use of assets.
Bond is a debt of the bond issuer to the holders. A bond should indicate that when is the due day
for the debt (called maturity date) and how much should the bond issuer pays to the bond holders
(called face value.) [2]. Bond are mainly divided into two different types. One is zero coupon bond,
defined below. The other one is coupon paying bond. The holder of coupon paying bond will receive
not only the face value at maturity date but also the coupons before the maturity date.
A zero-coupon bond is a bond bought at a price lower than its face value, with the face value
repaid at the time of maturity [3]. Moreover, zero-coupon bond is a bond that won’t issue any coupon
payments before the maturity date. So, it’s a bond that can be calculated easily and also the largest
component type in bonds. The notation p(t, T ) means the bond’s price with maturity T at time t. Zero
coupon bonds play an elementary role in fixed income market. Other more completed fixed income
instruments, such as coupon bonds and interest rate swaps , can be represented as a linear function of
zero coupon bonds. Thus in this paper we focus on studying zero coupon bonds. In this project, we
consider zero coupon bond with face value $1, that is, p(T, T ) = 1.
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2.2 No Arbitrage Pricing
In this project, we consider bond price as a function of risk free interest rate, also called short rate.
Short rate is the instantaneous return of money account that is commonly regarded as risk free. We
define the money account process B(t) as
B(t) = exp
{∫ t
0
r(s)ds
}
, t ≥ 0,
which takes the following differential form{
dB(t) = r(t)B(t)dt,
B(0) = 1.
We suppose that the short rate r(t) in real world follows the dynamics
dr(t) = µ(t, r(t))dt+ σ(t, r(t))dW (t),
where W (t) is a standard Brownian motion under physical probability measure P.
We take each zero coupon bond p(t, T ) price as a function of short rate model r(t) We assume
furthermore that, for every T , the price of a T -bond has the form
p(t, T ) = F (t, r(t);T ), (2.2.1)
where F is a smooth function of three variables. We can also denote F (t, r(t);T ) by
F T (t, r(t)) = F (t, r(t);T ), (2.2.2)
We construct a portfolio consisting of bonds having different times of maturity. We fix two times
of maturity S and T . By Itoˆ’s formula, we have the dynamics of F T and F S,
dF T = F TαTdt+ F
TσTdW,
dF S = F SαSdt+ F
SσSdW,
where
αT =
F Tt + µF
T
r +
1
2
σ2F Trr
F T
, σT =
σF Tr
F T
,
αS =
F St + µF
S
r +
1
2
σ2F Srr
F S
, σS =
σF Sr
F S
.
Consider a relative portfolio (uS, uT ) of S-bond and T -bond with uT +uS = 1, so that the portfolio
value V is given by
V = uSF
S + uTF
T .
By Itoˆ’s formula, the relative portfolio value V satisfies the dynamics
dV = V · (uTαT + uSαS) dt+ V · (uTσT + uSσS) dW.
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By letting the relative portfolio risk free, i.e. uTσT + uSσS = 0, which together with the condition
uT + uS = 1 gives
uT = − σS
σT − σS , uS =
σT
σT − σS ,
And then the dynamics of V becomes risk free
dV = V (uTαT + uSαS)dt.
No arbitrage condition gives
αSσT − αTσS
σT − σS = r(t),
⇒ αS(t)− r(t)
σS(t)
=
αT (t)− r(t)
σT (t)
. (2.2.3)
The above equality (2.2.3) holds for all maturity times S and T .
Proposition 2.2.1. Assume that the bond market is free of arbitrage. Then there exists a process
λ(t) such that the relation
αT (t)− r(t)
σT (t)
= λ(t), (2.2.4)
hold for all t and for every choice of maturity time T .
The parameter λ(t) is called the market price of risk is the return αT (t) in excess of risk free rate
r(t) per unit risk measured in terms of volatility σT (t). By substituting the representation of αT and
σT into the market price of risk formula (2.2.4), we obtain the partial differential equations that the
bond price function p(t, T ) = F (t, r(t);T ) satisfies.
Proposition 2.2.2 (Term structure equation). In an arbitrage free bond market, F T will satisfy the
term structure equation {
F Tt + (µ− λσ)F Tr + 12σ2F Trr − rF T = 0,
F T (T, r) = 1.
(2.2.5)
By Feynmann-Kac formula, the pricing partial differential equation (2.2.5) admits a solution of the
following probabilistic form
Proposition 2.2.3 (Risk neutral valuation). Bond prices are given by the formula p(t, T ) = F (t, r(t);T )
where
F (t, r;T ) = EQ
[
e−
∫ T
t r(s)ds · 1 | r(t) = r
]
. (2.2.6)
Here under the risk neutral measure Q and the the dynamics of r(t) satisfies
dr(s) = (µ− λσ)ds+ σdW, s ≥ t
r(t) = r.
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Further more, for any contingent claim on interest rate r(t) with payoff function Φ(r(T )), the pricing
formula is given by the following proposition 2.2.4.
Proposition 2.2.4 (General term structure equation). Let X be a contingent T -claim of the form
X = Φ(r(T )). In an arbitrage free market the price Π(t; Φ) will be given as Π(t; Φ) = F (t, r(t)), where
F solves the boundary value problem{
Ft + (µ− λσ)Fr + 12σ2Frr − rF = 0,
F (T, r) = Φ(r).
Then F has the stochastic representation
F (t, r) = EQ
[
e−
∫ T
t r(s)ds · Φ(r(T )) | r(t) = r
]
.
Here under the risk neutral measure Q and the the dynamics of r(t) satisfies
dr(s) = (µ− λσ)ds+ σdW, s ≥ t
r(t) = r,
where W is standard Brownian motion under martingale measure Q.
The term structure, as well as the prices of all other interest rate derivatives, are completely de-
termined by specifying the dynamics of short rate r(t) under the martingale measure Q. Instead of
specifying dynamics of r(t) under objective probability measure P, we specify the dynamics r(t) un-
der the martingale measure Q. This procedure is known as martingale modeling, and the typical
assumption will thus be that r under Q has dynamics given by
dr(t) = µ(t, r(t))dt+ σ(t, r(t))dW, (2.2.7)
where µ and σ are given functions, and W is a standard Brownian motion under the measure Q. Then
according to proposition 2.2.2 and proposition 2.2.3, the price function p(t, T ) = F (t, r(t)) satisfies the
partial differential equation {
F Tt + µF
T
r +
1
2
σ2F Trr − rF T = 0,
F T (T, r) = 1,
(2.2.8)
which admits the following probabilistic formula
F (t, r) = EQ
[
e−
∫ T
t r(s)ds · Φ(r(T )) | r(t) = r
]
.
Affine Term Structures
To find the price function explicitly, we assume that p(t, T ) = F (t, r(t);T ) takes the following form
p(t, T ) = F (t, r(t);T ) = eA(t,T )−B(t,T )r(t), (2.2.9)
called affine term structure, where A and B are deterministic functions. If F (t, r(t);T ) takes the affine
term structure form (2.2.9), then by substituting into the term structure equation (2.2.5) we obtain
F Tt + µF
T
r +
1
2
σ2F Trr − r(t)F T = 0,
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⇒ {At(t, T )−Bt(t, T )r(t)}F T + µ(−B(t, T ))F T + 1
2
σ2(−B(t, T ))2F T − rF T = 0,
⇒ At(t, T )− [1 +Bt(t, T )]r − µ(t, r)B(t, T ) + 1
2
σ2(t, r)B2(t, T ) = 0. (2.2.10)
The terminal condition F (T, r;T ) ≡ 1 implies
A(T, T ) = 0,
B(T, T ) = 0.
Assume µ and σ have the form
µ(t, r) = α(t)r + β(t), σ(t, r) =
√
γ(t)r(t) + δ(t) (2.2.11)
then the affine term structure partial differential equation (2.2.10) becomes
At(t, T ) + β(t)B(t, T ) +
1
2
δ(t)B2(t, T )−
[
1 +Bt(t, T ) + α(t)B(t, T )− 1
2
γ(t)B2(t, T )
]
r(t) = 0,
which leads to differential equations of A(t, T ) and B(t, T ){
Bt(t, T ) + α(t)B(t, T )− 12γ(t)B2(t, T ) = −1,
B(T, T ) = 0.{
At(t, T ) = β(t)B(t, T )− 12δ(t)B2(t, T ),
A(T, T ) = 0.
2.3 Model Calibration
We need to get information about the drift term µ and diffusion term σ in the Q-dynamics (2.2.7). We
will follow the steps below to calibrate the unknown parameters.
 Let α be the parameter vector to be estimated, then the Q dynamics of r(t) is written as
dr(t) = µ(t, r(t);α)dt+ σ(t, r(t);α)dW (t)
 Solve, for every possible time of maturity T , the term structure equation{
F Tt + µF
T
r +
1
2
σ2F Trr − rF T = 0,
F T (T, r) = 1.
In this way we have computed the theoretical term structure as
p(t, T ;α) = F T (t, r;α).
 Collect price data {p∗(0, T );T ≥ 0} from bond market, where t = 0 means “today”. Denote this
empirical term structure by {p∗(0, T );T ≥ 0}.
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 Chooses parameter vector α in such a way that the theoretical curve {p(0, T ;α);T ≥ 0} fits the
empirical curve {p∗(0, T ;α);T ≥ 0} as well as possible (according to some objective function).
This gives our estimated parameter vector α∗.
 Insert α∗ into µ and σ to pin down exactly the terms µ∗ = µ(t, r(t);α∗) and σ∗ = σ(t, r(t);α∗) un-
der the martingale measure Q. This procedure is equivalent to pinning down the exact martingale
measure Q determined by the market for pricing.
With the parameters calibrated according to the steps above, we can further price financial deriva-
tives on bonds and interest rates. For arbitrary interest rate derivatives X = Γ(r(T )), the price process
G(t, r(t)) can be obtained by solving the term structure equation{
Gt + µ
∗Gr + 12(σ
∗)2Grr − rG = 0,
G(T, r) = Γ(r).
2.4 Assumptions
In this project, we made some assumptions which made the models computable. We assume that
 the bond’s price at maturity date would be 1.
 the risk free interest rate would be a constant than we could find on the market.
 the notion t was 0 when we applied the affine term structure models so that we can price the
bonds at current time.
 There exists a (frictionless) market for T -bonds for every T > 0. Which means the maturity
dates on each bonds are continuous
 For each fixed t, the bond price P (t, T ) is differentiable w.r.t time of maturity T.
Such kind of bonds is a contract which guarantees the holder 1 dollar to be paid on the date T. The
price at date t of a bond with maturity date T is denoted by p(t, T ), t ≤ T .
2.5 Data Resource and Interpretations
In this project, we consider the values of different maturity bonds on each day. The bond data matrix
comes from figure 2.1. To apply the affine term structure on pricing bonds, we need use some short rate
models. For the risk free interest rate, we will use the money market account interest rate r = 0.0005,
which came from the Bank of America. In addition, there are 11 bonds with different maturities (from
1 month to 30 years) that we can find on the ‘U.S. DEPARTMENT OF THE TREASURY’ website
[4].
Yield is one part of the total return of holding a security. Normally, yield is an annualized data.
Suppose that we are holding a bond, whose maturity date is T , at time t. The relation between
the yield Y and return rate R on this bond is: R(t, T ) = e(T−t)×Y (t,T ). The bond yield matrix is a
data set that contains different maturity date bonds(which is also the column of the matrix, T =
1
12
, 1
4
, 1
2
, 1, 2, 3, 5, 7, 10, 20, 30) on different days (which is also the row of the matrix. From Jan, 3rd,
2017 to Mar, 31th, 2017). The bond’s price obtain the formula: P (t, T ) = 1
R(t,T )
. The table 2.1 is the
price matrix that we will use in the calibration.
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Figure 2.1: Those is the daily yield data matrix that we can access on the U.S.Department of the
Treasury website.
Table 2.1: An illustration of the bond price matrix P ∗(ti, Tj). Here t1 represents 2017/01/03, t2
represents 2017/01/04, and t3 represents 2017/01/05.
T1 T2 T3 T4 T5 T6 T7 T8 T9 T10 T11
t1 0.9996 0.9987 0.9968 0.9911 0.9759 0.9560 0.9076 0.8537 0.7827 0.5735 0.4017
t2 0.9996 0.9987 0.9969 0.9913 0.9755 0.9560 0.9076 0.8537 0.7819 0.5735 0.4005
t3 0.9996 0.9987 0.9969 0.9917 0.9769 0.9580 0.9112 0.8585 0.7890 0.5839 0.4115
... ... ... ... ... ... ... ... ... ... ... ...
For bond price matrix, Pi,j = P (ti, Tj). We are going to price the Tj bond’s value at time ti,
which is bond Pi,j or P (ti, Tj). The face value of a bond at maturity date T is 1 dollar, which means
P (T, T ) = 1.
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Chapter 3
Models
Applying the affine term structure models can be realized in the following four steps:
1. Choose a short rate model. We will use several different short rate models to build different bond
pricing models. The short rate models we will use are
 Vasicek Model
 Hull-White Model
2. Plug the short rate model into the affine term structure and solve the stochastic differential equa-
tion.
3. Minimize the 2 norm of the difference between the theoretical affine term and the bonds’ prices,
Pi,j, in the market.
4. Calibrate the unknown coefficients in the model.
Here we use Matlab to achieve the minimization in 2-norm.
3.1 Vasicek Model
We first consider a simple model: Vasicek Model. The Vasicek Model describes interest rates, proposed
by Oldrich Vasicek in 1977 [5]. Nowadays, Vasicek Model is widely used in financial industry since it
is one of the easiest short-rate model.
Definition 3.1.1. Vasicek Model is an one-factor linear model, which is written as
dr(t) = (b− ar(t))dt+ σdWt,
where r(t) is the interest rate and a, b, σ are constants that we need to calibrate from real data. Also,
Wt is a Brownian Motion.
We plug the Vasicek Model into the Affine Term Structure and the system (2.2.12) becomes
Bt(t, T )− aB(t, T ) = −1, B(T, T ) = 0.
The solution of this ordinary differential equation is
B(t, T ) =
1
a
[
1− e−a(T−t)] . (3.1.1)
13
The system (2.2.12) becomes
At(t, T ) = bB(t, T )− 1
2
σ2B2(t, T ), A(T, T ) = 0,
whose solution is
A(t, T ) =
σ2
2
∫ T
t
B2(s, T )ds− b
∫ T
t
B(s, T )ds. (3.1.2)
By (3.1.1) and (3.1.2), we obtain{
B(t, T ) = 1
a
[
1− e−a(T−t)]
A(t, T ) = 1
a2
(B(t, T )− T + t)
(
ab− σ2
2
)
− σ2B2(t,T )
4a
(3.1.3)
and the affine term structure p(t, T ) = eA(t,T )−B(t,T )r(t).
Here a, b, σ are the unknown coefficients to be calibrated. To calibrate these parameters, we minimize
the 2 norm at each time t. ∑
all maturity time T
| log(P ∗(t, T ))− log(p(t, T ; a, b, σ))|2,
where P ∗(t, T )’s are the observed market bond’s prices with maturity date T at time t. p(t, T ) is the
theoretical price equation with maturity T at time t. All of the t at current time were 0. Specifically,
we minimize, for our given data in Appendix A,
Resi =
11∑
j=1
| log(pi,j(a, b, σ))− log(Pi,j)|2,
where Pi,j’s are the observed market bond’s prices with maturity date Tj at time ti and pi,j(a, b, σ) is
the theoretical price equation with maturity Tj at time ti, depending on a, b, σ.
Letting ∂aResi = 0, ∂bResi = 0 and ∂σResi = 0, we have
11∑
j=1
∂a log(pi,j(a, b, σ))[log(pi,j(a, b, σ))− log(Pi,j)] = 0,
11∑
j=1
1
a
(Bi,j − Tj + ti)[log(pi,j(a, b, σ))− log(Pi,j)] = 0,
11∑
j=1
[
−σ
a2
(Bi,j − Tj + ti)− σ
2a
Bi,j][log(pi,j(a, b, σ))− log(Pi,j)] = 0.
Here
∂a log(pi,j(a, b, σ)) = [(
−b
a2
+
σ2
a3
)(Bi,j−Tj+ti)+ 1
a2
∂aBi,j
(
ab− σ
2
2
)
]+
σ2
4a2
B2i,j−
σ2Bi,j
2a
∂aBi,j−ri∂aBi,j.
Simplifying the nonlinear system above and use the second equation in the nonlinear system, we
get
11∑
j=1
[
1
a2
∂aBi,j
(
ab− σ
2
2
)
+
σ2
4a2
B2i,j −
σ2Bi,j
2a
∂aBi,j − ri∂aBi,j][log(pi,j(a, b, σ))− log(Pi,j)] = 0,
14
11∑
j=1
(Bi,j − Tj + ti)[log(pi,j(a, b, σ))− log(Pi,j)] = 0,
11∑
j=1
Bi,j[log(pi,j(a, b, σ))− log(Pi,j)] = 0.(3 1.4)
Recall that ∂aBi,j = − 1aBi,j + e−a(Tj−ti) = (1 − a − 1a)Bi,j. Using the third equation in (3.1.4), we
then obtain that
11∑
j=1
B2i,j[log(pi,j(a, b, σ))− log(Pi,j)] = 0,
11∑
j=1
(Tj − ti)[log(pi,j(a, b, σ))− log(Pi,j)] = 0,
11∑
j=1
Bi,j[log(pi,j(a, b, σ))− log(Pi,j)] = 0.
Now we use MATLAB to find an approximate solution to this resulting system. To solve this
problem, we follow the following steps.
1. Compute the price equation p(t, T ; a, b, σ) first.
2. Then combine the price equation and observed data together to form the 2-norm:
Resi =
11∑
j=1
| log(pi,j(a, b, σ))− log(Pi,j)|2,
3. Use global tool box minimize the Resi for each i.
4. Plot the coefficients a, b, σ and Resi.
All Matlab code are attached in Appendix C.
3.2 Hull-White Model
Hull-White model was first introduced by John C. Hull and Alan White in 1990 [6]. Hull-White model
is an interest rate model and can be separate into ‘one-factor model’ as well as ‘two-factor model’. It’s
an extension of the Vasicek model.
Definition 3.2.1. One-Factor Hull-White Model. The Hull-White model is
dr(t) = (Θ(t)− ar)dt+ σdW (t), (3.2.1)
where Θ(t) is a deterministic function of t which can be determined by
Θ(T ) =
∂f(0, T )
∂T
+ af(0, T ) +
σ2
2a
(1− e−2at) (3.2.2)
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Where f(0, T ) is the forward interest rate from time 0 to time T that can also be observed online.
f(t, T ) has the formula:
f(t, T ) = −∂ log p(t, T )
∂T
=
∂B(t, T )
∂T
r(t)− ∂A(t, T )
∂T
(3.2.3)
Here a, σ are the constants to be calibrated. W (t) is a Brownian Motion. Since Θ is time dependent,
it can be considered as an extension of Vasicek Model. Here r(t) follows the normal distribution,
r(t) ∼ N
(
e−atr(0) +
∫ t
0
Θ(s)e−a(t−s) ds,
σ2
2a
(1− e−2at)
)
.
In the general short rate model (2.2.7), we then have from the Hull-White model
µ(t, r) = Θ(t)− ar(t), σ(t, r) = σ.
Then equations for A and B become
Bt(t, T ) = aB(t, T )− 1, B(T, T ) = 0, (3.2.4)
At(t, T ) = Θ(t)B(t, T )− 1
2
σ2B2(t, T ), A(T, T ) = 0.
The solutions for the system (3.2.4) are
B(t, T ) =
1
a
(
1− e−a(T−t)) ,
A(t, T ) =
∫ T
t
[
1
2
σ2B2(s, T )−Θ(s)B(s, T )
]
ds.
The bond price at time t with maturity date T is
p(t, T ) =
p∗(0, T )
p∗(0, t)
exp
[
B(t, T )f ∗(0, t)− σ
2
4a
B2(t, T )(1− e−2at)−B(t, T )r(t)
]
. (3.2.5)
In this model, we minimize the following the 2 norm at each time t, i.e.,∑
all maturity time T
|P ∗(t, T )− p(t, T ; a, σ)|2.
The residues are different from what we used in the Vasicek model. Specifically, for each i
Resi =
11∑
j=1
|pi,j(a, σ))− P ∗i,j|2,
where Pi,j’s are the observed market bond’s prices with maturity date Tj at time ti and pi,j(a, σ) is the
theoretical price equation with maturity Tj at time ti, depending on a, σ. All of the t at current time
were 0.
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Chapter 4
Results
4.1 The Vasicek - Affine Term Structure Model
We first present the results using the Vasicek model. To calibrate the parameters, a, b, σ, we
minimize the 2 norm at each time t, i.e.,∑
all maturity time T
| logP ∗(t, T )− log p(t, T ; a, b, σ)|2.
Specifically, for each i
Resi =
11∑
j=1
| log(pi,j(a, b, σ))− logP ∗i,j|2,
where Pi,j’s are the observed market bond’s prices with maturity date Tj at time ti and pi,j(a, b, σ) is
the theoretical price equation with maturity Tj at time ti, depending on a, b, σ. All of the t at current
time were 0.
Since we want a positive b, so we let b = β2 in our minimization, i.e., we minimize the residues Resi
with respect to a, β, σ instead of a, b, σ.
To solve the minimization problem, we use the ‘Global Search Tool Box’ in Matlab, see the attached
code in the main function. The Resi’s are implemented as
options = optimoptions(@fmincon, 'Algorithm', 'interior-point');
problem = createOptimProblem('fmincon', 'objective', P, 'x0', [1 1 1], 'options', options);
Here we used the ‘interior point’ method option. The initial guess is [1, 1, 1]. The solver is implemented
in Matlab as
gs = GlobalSearch; [abs,fval] = run(gs,problem);
We present the values of Resi, i.e, the 2-norm error on different dates ti in Figure 4.1. We observe
that the Resi’s are indeed very small, 0.02%− 0.07%, compared to the values of P ∗i,j (at the magnitude
of 0.3 − 1). In Figure 4.2, we plot the values of a, b, σ on different days. Here σ is relatively small,
which means the noise level is low.
To set one value for each of a, b, σ, we take the averages over all the days. The averaged values are
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Figure 4.1: Residues Resi =
∑11
j=1 | log(pi,j(a, b, σ))− logP ∗i,j|2 on different days.
Figure 4.2: Values of a, b, σ. Top: a on different days; Middle: b on different days: Bottom: σ on
different days.
a = 0.267317, with standard deviation 0.046758,
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b = 0.041195, with standard deviation 0.038914,
σ = 0.013792 with standard deviation 0.016932.
We then obtain the calibrated Vasicek - affine term structure model as follows.
B(0, T ) = 1
0.267317
(1− e−0.267317T ),
A(0, T ) = 1
0.0.071458
[(B(0, T )− T )× 0.109253]− 1.779× 10−4 ×B2(0, T ),
P (0, T ) = eA(0,T )−0.0005B(0,T ).
(4.1.1)
In Equation (4.1.1), P (0, T ) is the final bond price at 0 with the maturity date T . The short rate
model will be
dr(t) = (0.041195− 0.267317r(t))dt+ 0.013792dWt,
r(t) = r(0)e−0.267317t + 0.154105(1− e−0.267317) + 0.013792e−0.267317t
∫ t
0
e0.267317sdWs
r(t) is the short rate at time t.
4.2 The Hull White - Affine Term Structure Model
As in the Vasicek model, we perform the least square method. To calibrate the parameters, a, σ, we
minimize the 2 norm at each time t, i.e.,∑
all maturity time T
|P ∗(t, T )− p(t, T ; a, σ)|2.
Specifically, for each i
Resi =
11∑
j=1
|pi,j(a, σ))− P ∗i,j|2,
where Pi,j’s are the observed market bond’s prices with maturity date Tj at time ti and pi,j(a, σ) is the
theoretical price equation with maturity Tj at time ti, depending on a, σ. All of the t at current time
were 0.
We set April 20 in 2016 as the time 0 (Initial Time). We need P ∗(0, T ), P ∗(0, t) to price the value
for the bond with maturity T and current time t. Here P ∗(0, T ) is obtained from the yield matrix as
described in Chapter 2.5. Here we always set the time t to be one day. Since the bond is only one day
before the maturity date, we approximately set the bond price P ∗(0, 1
252
) ≈ P ∗(0, 0) = 1. Here 252 is
the number of trading days in one year.
We also need forward interest rate f ∗(0, t), which we downloaded from Quandl [7].
We are now ready to implement the least square method and obtain the calibrated model. The
solver and implementation are similar to those in the Vasicek model. The data is from the bond yield
matrix in A.1, A.2 from April 20, 2016 to March, 31th, 2017.
In Figures 4.3, 4.4, we show the values of a, σ on different dates.
There are several days with large values of a, σ, several orders of magnitudes larger than the residues
on different days. It is not clear to us why this happen as we received a warning message from Matlab
that “ Warning: Matrix is singular to working precision ”. Due to the time limit of the project, we
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Figure 4.3: Residues Resi =
∑11
j=1 |pi,j(a, σ))− P ∗i,j|2 on different dates.
Figure 4.4: The top figure is the coefficients σ’s on different dates. The bottom figure is the coefficients
a’s on different dates.
don’t investigate why there are such outliers and we will consider this later on. But we here don’t
present the calibration on these days.
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To set up one value for each of a, σ, we take the averages over all the days. The averaged values are
a = 4.641149, with standard deviation 1.611562,
σ = 4.325933 with standard deviation 1.215302.
We then obtain the calibrated Hull White - affine term structure model as follows.{
B(t, T ) = 1
4.641149
(1− e−4.641149(T−t)),
p(t, T ) = P
∗(0,T )
P ∗(0,t) e
b(t,T )f∗(0,t)−1.008b2(t,T )(1−e−9.282298t)−0.0005B(0,T ).
(4.2.1)
In Equation (4.2.1), P (0, T ) is the final bond price at 0 with the maturity date T . The short rate
model will be
dr(t) = (Θ(t)− 4.641149r)dt+ 4.325933dW (t)
Where Θ(t) follows the formula in equation (3.2.2)
Θ(T ) =
∂f(0, T )
∂T
+ 4.641149f(0, T ) + 2.016062(1− e−9.282298t)
f(t, T ) has the formula in equation 3.2.3 and f(0, T ) can also be observed in marke. All data are in
Appendix A.3.
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Chapter 5
Conclusion and Discussion
We have applied affine term structure model and short rate models to estimate risk-free interest rate.
We used the data from US Department of the Treasury from 2016 to 2017. Performing proper least-
square methods, we obtained all the parameters in the short rate models. Once we got the estimated
parameters with respect to different rates in the short rate models, we averaged these parameters to
have some sense of the values over a relatively long time.
From bond’s yield data, we first transformed the bond’s yield to the price of the bond whose
face value is one dollar. We used two short rate models. The first is the Vasicek model. To reduce
computational cost, we took log for the data in the price matrix. Furthermore, we obtained the
coefficients ai, bi, σi which minimized the Resi and then took average one them. The second one is the
Hull-White model. We used a similar approach and we fit the data itself instead of fitting a logarithm
of the data.
The methodology in this project requires minimization on each day and some aggregation of es-
timated parameters for overall understanding is required. To obtain each parameter working for all
time, one way is to minimize the residues over all the time. But such a minimization can be expensive.
To avoid a high computational cost, we can apply Kalman filtering in further study, which is a least
square method for time series and requires a global optimization of parameters.
Further application of the methodology for prediction will validate the calibrated models and may
require further calibration(s). However, we believe that current results have moved us towards a
high-fidelity risk-free interest rate, which is one of the key indicators of current financial market and
economy.
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Appendix A
Yield Matrix
Table A.1: Yield Table - 1
Date 1 Mo 3 Mo 6 Mo 1 Yr 2 Yr 3 Yr 5 Yr 7 Yr 10 Yr 20 Yr 30 Yr
Maturity Length 0.083333333 0.25 0.5 1 2 3 5 7 10 20 30
2017/1/3 0.52 0.53 0.65 0.89 1.22 1.5 1.94 2.26 2.45 2.78 3.04
2017/1/4 0.49 0.53 0.63 0.87 1.24 1.5 1.94 2.26 2.46 2.78 3.05
2017/1/5 0.51 0.52 0.62 0.83 1.17 1.43 1.86 2.18 2.37 2.69 2.96
2017/1/6 0.5 0.53 0.61 0.85 1.22 1.5 1.92 2.23 2.42 2.73 3
2017/1/9 0.5 0.5 0.6 0.82 1.21 1.47 1.89 2.18 2.38 2.69 2.97
2017/1/10 0.51 0.52 0.6 0.82 1.19 1.47 1.89 2.18 2.38 2.69 2.97
2017/1/11 0.51 0.52 0.6 0.82 1.2 1.47 1.89 2.18 2.38 2.68 2.96
2017/1/12 0.52 0.52 0.59 0.81 1.18 1.45 1.87 2.17 2.36 2.68 3.01
2017/1/13 0.52 0.53 0.61 0.82 1.21 1.48 1.9 2.2 2.4 2.71 2.99
2017/1/17 0.52 0.55 0.62 0.8 1.17 1.42 1.84 2.14 2.33 2.66 2.93
2017/1/18 0.48 0.53 0.63 0.82 1.23 1.51 1.93 2.24 2.42 2.74 3
2017/1/19 0.47 0.52 0.62 0.83 1.25 1.53 1.97 2.28 2.47 2.77 3.04
2017/1/20 0.46 0.5 0.62 0.82 1.2 1.5 1.95 2.28 2.48 2.79 3.05
2017/1/23 0.46 0.51 0.59 0.79 1.16 1.43 1.88 2.19 2.41 2.72 2.99
2017/1/24 0.5 0.51 0.62 0.81 1.21 1.49 1.94 2.27 2.47 2.78 3.05
2017/1/25 0.48 0.5 0.61 0.82 1.23 1.52 1.99 2.33 2.53 2.84 3.1
2017/1/26 0.49 0.51 0.62 0.82 1.21 1.49 1.95 2.3 2.51 2.82 3.08
2017/1/27 0.49 0.52 0.63 0.82 1.22 1.48 1.94 2.28 2.49 2.8 3.06
2017/1/30 0.49 0.51 0.63 0.81 1.22 1.48 1.94 2.28 2.49 2.82 3.08
2017/1/31 0.5 0.52 0.64 0.84 1.19 1.46 1.9 2.24 2.45 2.78 3.05
2017/2/1 0.5 0.51 0.65 0.83 1.22 1.49 1.93 2.27 2.48 2.8 3.08
2017/2/2 0.5 0.52 0.64 0.84 1.21 1.48 1.92 2.27 2.48 2.8 3.09
2017/2/3 0.49 0.51 0.63 0.82 1.21 1.49 1.93 2.27 2.49 2.82 3.11
2017/2/6 0.48 0.53 0.62 0.79 1.16 1.43 1.86 2.19 2.42 2.76 3.05
2017/2/7 0.51 0.53 0.63 0.8 1.16 1.43 1.85 2.17 2.4 2.74 3.02
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Table A.2: Yield Table - 2
2017/2/8 0.52 0.54 0.63 0.79 1.15 1.4 1.81 2.14 2.34 2.68 2.96
2017/2/9 0.51 0.54 0.64 0.8 1.2 1.46 1.88 2.2 2.4 2.74 3.02
2017/2/10 0.51 0.55 0.64 0.81 1.2 1.47 1.89 2.22 2.41 2.75 3.01
2017/2/13 0.5 0.52 0.63 0.82 1.2 1.48 1.92 2.24 2.43 2.77 3.03
2017/2/14 0.51 0.54 0.66 0.84 1.25 1.53 1.98 2.29 2.47 2.81 3.07
2017/2/15 0.53 0.54 0.67 0.86 1.27 1.57 2.01 2.33 2.51 2.84 3.09
2017/2/16 0.51 0.53 0.66 0.82 1.22 1.5 1.95 2.26 2.45 2.8 3.05
2017/2/17 0.5 0.53 0.66 0.82 1.21 1.48 1.92 2.23 2.42 2.78 3.03
2017/2/21 0.49 0.53 0.69 0.83 1.22 1.5 1.93 2.24 2.43 2.78 3.04
2017/2/22 0.47 0.52 0.68 0.82 1.22 1.49 1.92 2.23 2.42 2.78 3.04
2017/2/23 0.39 0.51 0.66 0.81 1.18 1.44 1.87 2.2 2.38 2.75 3.02
2017/2/24 0.4 0.52 0.65 0.8 1.12 1.38 1.8 2.12 2.31 2.69 2.95
2017/2/27 0.44 0.5 0.68 0.81 1.2 1.46 1.87 2.18 2.36 2.72 2.98
2017/2/28 0.4 0.53 0.69 0.88 1.22 1.49 1.89 2.19 2.36 2.7 2.97
2017/3/1 0.46 0.63 0.79 0.92 1.29 1.57 1.99 2.29 2.46 2.81 3.06
2017/3/2 0.52 0.67 0.84 0.98 1.32 1.6 2.03 2.32 2.49 2.84 3.09
2017/3/3 0.56 0.71 0.84 0.98 1.32 1.59 2.02 2.32 2.49 2.83 3.08
2017/3/6 0.56 0.74 0.83 0.97 1.31 1.6 2.02 2.32 2.49 2.84 3.1
2017/3/7 0.55 0.76 0.87 1.02 1.32 1.62 2.05 2.34 2.52 2.85 3.11
2017/3/8 0.54 0.73 0.86 1.03 1.36 1.65 2.08 2.38 2.57 2.89 3.15
2017/3/9 0.5 0.73 0.88 1.04 1.37 1.67 2.13 2.43 2.6 2.94 3.19
2017/3/10 0.6 0.75 0.89 1.03 1.36 1.66 2.11 2.4 2.58 2.94 3.16
2017/3/13 0.69 0.79 0.93 1.06 1.4 1.69 2.14 2.43 2.62 2.97 3.2
2017/3/14 0.77 0.78 0.93 1.06 1.4 1.68 2.13 2.42 2.6 2.94 3.17
2017/3/15 0.71 0.73 0.89 1.02 1.33 1.59 2.02 2.31 2.51 2.87 3.11
2017/3/16 0.68 0.73 0.89 1.01 1.35 1.63 2.05 2.34 2.53 2.89 3.14
2017/3/17 0.71 0.73 0.87 1 1.33 1.6 2.03 2.31 2.5 2.86 3.11
2017/3/20 0.7 0.76 0.89 1.01 1.3 1.57 2 2.28 2.47 2.83 3.08
2017/3/21 0.76 0.77 0.91 1 1.27 1.54 1.96 2.24 2.43 2.79 3.04
2017/3/22 0.74 0.77 0.9 0.99 1.27 1.52 1.95 2.22 2.4 2.76 3.02
2017/3/23 0.73 0.76 0.9 0.99 1.26 1.52 1.95 2.23 2.41 2.76 3.02
2017/3/24 0.73 0.78 0.89 1 1.26 1.52 1.93 2.22 2.4 2.74 3
2017/3/27 0.73 0.78 0.91 1 1.27 1.51 1.93 2.2 2.38 2.73 2.98
2017/3/28 0.75 0.78 0.92 1.03 1.3 1.56 1.97 2.25 2.42 2.77 3.02
2017/3/29 0.76 0.78 0.92 1.04 1.26 1.53 1.93 2.21 2.39 2.74 2.99
2017/3/30 0.75 0.78 0.91 1.03 1.28 1.55 1.96 2.25 2.42 2.78 3.03
2017/3/31 0.74 0.76 0.91 1.03 1.27 1.5 1.93 2.22 2.4 2.76 3.02
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Table A.3: Forward Rate Matrix [7]
Date 1-day Forward Rate
2016-04-20 0.8022
2016-04-21 0.819
2016-04-22 0.8241
2016-04-25 0.8346
2016-04-26 0.8611
2016-04-27 0.832
2016-04-28 0.767
2016-04-29 0.7465
2016-05-02 0.7746
2016-05-03 0.7406
2016-05-04 0.7222
2016-05-05 0.7047
2016-05-06 0.7262
2016-05-09 0.6993
2016-05-10 0.71
2016-05-11 0.7187
2016-05-12 0.7516
2016-05-13 0.7513
2016-05-16 0.7883
2016-05-17 0.8272
2016-05-18 0.9203
2016-05-19 0.8968
2016-05-20 0.8963
2016-05-23 0.8998
2016-05-24 0.9142
2016-05-25 0.9132
2016-05-26 0.8644
2016-05-27 0.9053
2016-05-31 0.8571
2016-06-01 0.8977
2016-06-02 0.8789
2016-06-03 0.7615
2016-06-06 0.7848
2016-06-07 0.7782
2016-06-08 0.7605
... ...
27
Appendix B
Some useful formula
B.1 Exact Solution to the Hull-White Model
we can solve the short rate r(t) from (3.2.1), see e.g. [8].
eatdr = (Θ(t)− ar)eatdt+ σeatdW (t).
Moving the term areatdt to the left side of the equation leads to
d(eatr) = eatdr + aeatrdt = Θ(t)eatdt+ eatσdW,
eatr(t) = r(0) +
∫ t
0
Θ(s)easds+ σ
∫ t
0
easdW (s),
r(t) = e−atr(0) +
∫ t
0
Θ(s)e−a(t−s)ds+ σe−at
∫ t
0
easdW (s).
Then r(t) follows the normal distribution
r(t) ∼ N
(
e−atr(0) +
∫ t
0
Θ(s)e−a(t−s)ds,
σ2
2a
(1− e−2at)
)
.
B.2 Proof of Hull-White Bond Pricing
The following proof for the Hull-White bond pricing model is from [9].
Proof.
p(t, T ) = exp {A(t, T )−B(t, T )r(t)}
= exp
{∫ T
t
[
1
2
σ2B2(s, T )−Θ(s)B(s, T )
]
ds−B(t, T )r(t)
}
= exp
{∫ T
t
[
1
2
σ2B2(s, T )− [f ∗T (0, s) + g′(s) + a (f ∗(0, s) + g(s))]B(s, T )
]
ds−B(t, T )r(t)
}
= exp
{∫ T
t
1
2
σ2B2(s, T )ds−
∫ T
t
f ∗T (0, s)B(s, T )ds−
∫ T
t
g′(s)B(s, T )ds
−
∫ T
t
af ∗(0, s)B(s, T )ds−
∫ T
t
ag(s)B(s, T )ds−B(t, T )r(t)
}
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= exp
{∫ T
t
1
2
σ2B2(s, T )ds−
[
f ∗(0, s)B(s, T )|s=Ts=t −
∫ T
t
f ∗(0, s)Bt(s, T )ds
]
−
∫ T
t
g′(s)B(s, T )ds
−
∫ T
t
af ∗(0, s)B(s, T )ds−
∫ T
t
ag(s)B(s, T )ds−B(t, T )r(t)
}
= exp
{∫ T
t
1
2
σ2B2(s, T )ds+ f ∗(0, t)B(t, T ) +
∫ T
t
f ∗(0, s)Bt(s, T )ds−
∫ T
t
g′(s)B(s, T )ds
−
∫ T
t
af ∗(0, s)B(s, T )ds−
∫ T
t
ag(s)B(s, T )ds−B(t, T )r(t)
}
= exp

∫ T
t
1
2
σ2B2(s, T )ds+ f ∗(0, t)B(t, T ) +
∫ T
t
f ∗(0, s) [Bt(s, T )− aB(s, t)]︸ ︷︷ ︸
−1
ds
−
∫ T
t
[g′(s) + ag(s)]︸ ︷︷ ︸
(σ2/2a)(1−e−2as)
B(s, T )ds−B(t, T )r(t)

= exp
{∫ T
t
1
2
σ2B2(s, T )ds+ f ∗(0, t)B(t, T )−
∫ T
t
f ∗(0, s)ds
−
∫ T
t
σ2
2a
(1− e−2as)B(s, T )ds−B(t, T )r(t)
}
= exp
(
−
∫ T
t
f ∗(0, s)ds
)
︸ ︷︷ ︸
p∗(0,T )
p∗(0,t)
exp
f
∗(0, t)B(t, T ) +
∫ T
t
[
σ2
2
B2(s, T )− σ
2
2a
(1− e−2as)B(s, T )
]
ds︸ ︷︷ ︸
−σ2
4a
B2(t,T )(1−e−2at)
−B(t, T )r(t)

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Appendix C
Matlab Code
C.1 Function for the Variable A(t, T )
Listing C.1: This is the Matlab code for the part A in Vasicek Model
function coefficientA = AffVA(a,b,t,T,sigma)
coefficientA = (1./a.ˆ2).*(AffVB(a,t,T) - T +t).*(a.*b.ˆ2-sigma./2) - ((sigma.*AffVB(a,t,T)).ˆ2)./(4.*a);
C.2 Function for the Variable B(t, T )
Listing C.2: This is the Matlab code for the part B in Vasicek Model
function coefficientB = AffVB(a,t,T)
coefficientB = (1./a).*(1-exp(-a.*(T-t)));
C.3 Function for the Bond’s Price
Listing C.3: This is the Matlab code for bond price in Vasicek Model
function AffineVasicek = AffVar(a,b,t,T,sigma)
AffineVasicek = (AffVA(a,b,t,T,sigma)- AffVB(a,t,T).*0.005);
C.4 Function for Resi
function PriceError = PriceErr(a,b,sigma,YieldMatrix, RateMatrix, i)
PriceError = ((RateMatrix(i,1) - AffVar(a,b,0,YieldMatrix(1,1),sigma)).ˆ2 +
(RateMatrix(i,2) - AffVar(a,b,0,YieldMatrix(1,2),sigma)).ˆ2 +
(RateMatrix(i,3) - AffVar(a,b,0,YieldMatrix(1,3),sigma)).ˆ2 +
(RateMatrix(i,4) - AffVar(a,b,0,YieldMatrix(1,4),sigma)).ˆ2 +
(RateMatrix(i,5) - AffVar(a,b,0,YieldMatrix(1,5),sigma)).ˆ2 +
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(RateMatrix(i,6) - AffVar(a,b,0,YieldMatrix(1,6),sigma)).ˆ2 +
(RateMatrix(i,7) - AffVar(a,b,0,YieldMatrix(1,7),sigma)).ˆ2 +
(RateMatrix(i,8) - AffVar(a,b,0,YieldMatrix(1,8),sigma)).ˆ2 +
(RateMatrix(i,9) - AffVar(a,b,0,YieldMatrix(1,9),sigma)).ˆ2 +
(RateMatrix(i,10) - AffVar(a,b,0,YieldMatrix(1,10),sigma)).ˆ2 +
(RateMatrix(i,11) - AffVar(a,b,0,YieldMatrix(1,11),sigma)).ˆ2);
C.5 Function to transform yield matrix to price matrix
function PriceFunction = PriceFunc(a,b,t,T,sigma)
[m,n] = size(YieldMatrix);
RateMatrix = zeros(m,n);
MinVariable = zeros(m-1,3);
for j = 1:n
for i = 2:m
RateMatrix(i,j) = exp(YieldMatrix(1,j)*YieldMatrix(i,j)*0.01);
end
end
PriceFunc = (RateMatrix(i,:) - AffVar(a,b,0,T,sigma))ˆ2;
C.6 Calibration Function
Listing C.4: This is the Matlab code for calibrating the coefficients in Vasicek Model
% Vasicek - Affine term structure
YieldMatrix = xlsread('Bounds Yield');
T = YieldMatrix(1,:);
Minvariable = zeros(1,4);
[m,n] = size(YieldMatrix);
RateMatrix = ones(m,n);
P = 0;
Coefficients = zeros(4,m-1);
for j = 1:n
for i = 2:m
RateMatrix(i,j) = log(1/(exp(YieldMatrix(1,j)*YieldMatrix(i,j)*0.01)));
end
end
for i = 1:62
P = @(abs)PriceErr(abs(1),abs(2),abs(3),YieldMatrix, RateMatrix, i+1);
options = optimoptions(@fmincon, 'Algorithm', 'interior-point');
problem = createOptimProblem('fmincon', 'objective', P, 'x0', [1 1 1], 'options', options);
gs = GlobalSearch;
[abs,fval] = run(gs,problem);
Coefficients(1,i) = abs(1);
Coefficients(2,i) = (abs(2))ˆ2;
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Coefficients(3,i) = abs(3);
Coefficients(4,i) = fval;
end
C.7 Hull-White Model
Listing C.5: This is the Matlab code for the coefficient B in Hull-White Model
function coefficientB = AffVBHullWhite(a,t,T)
coefficientB = (1./a).*(1-exp(-a.*(T-t)));
Listing C.6: This is the Matlab code for the pricing equation in Hull-White Model
function AffineHullWhite = AffVarHullWhite(a,t,T,sigma, pT, pt, ft)
AffineHullWhite = (pT./pt).*exp(AffVBHullWhite(a,t,T).*ft-((sigma.ˆ2)./(4.*a)).*(1 - exp(-2.*a.*t)).*(AffVBHullWhite(a,t,T)).ˆ2 -
AffVBHullWhite(a,t,T)*0.0005);
Listing C.7: This is the Matlab code for the Term Struture in Hull-White Model
YieldMatrix = xlsread('BoundsYield-HullWhite');
T = YieldMatrix(1,:);
Minvariable = zeros(1,4);
[m,n] = size(YieldMatrix);
RateMatrix = ones(m-1,n);
P = 0;
Coefficients = zeros(3,m-1);
Forward = xlsread('forwardrate');
ForwardMatrix = Forward/100 ;
for j = 1:n
for i = 2:m
RateMatrix(i-1,j) = (1/(exp(YieldMatrix(1,j)*YieldMatrix(i,j)*0.01)));
end
end
for i = 1:300
P = @(abs)HullWhitePriceErr(abs(1),abs(2),YieldMatrix, RateMatrix, i, ForwardMatrix);
options = optimoptions(@fmincon, 'Algorithm', 'interior-point');
problem = createOptimProblem('fmincon', 'objective', P, 'x0', [1 2], 'options', options);
gs = GlobalSearch;
[abs,fval] = run(gs,problem);
Coefficients(1,i) = abs(1);
Coefficients(2,i) = abs(2);
Coefficients(3,i) = fval;
end
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